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ARNOLD CONJECTURE FOR CLIFFORD SYMPLECTIC
PENCILS
VIKTOR L. GINZBURG AND DORIS HEIN
Abstract. We establish a version of the Arnold conjecture, both the degen-
erate and non-degenerate cases, for target manifolds equipped with Clifford
pencils of symplectic structures and the domains (time-manifolds) equipped
with frames of divergence–free vector fields meeting a certain additional re-
quirement. This result generalizes the original work on the hyperka¨hler Arnold
conjecture by Hohloch, Noetzel and Salamon for three-dimensional time and
also the previous work by the authors.
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1. Introduction
We prove an analog of the Arnold conjecture in the setting where the one-
dimensional time, S1 or R, is replaced by a multi-dimensional time manifoldM . To
be more specific, the time manifold M is now any closed manifold equipped with
a frame of diversion-free vector fields satisfying a certain regularity requirement.
The target manifold W (the space) is equipped with a Clifford pencil (i.e., a linear
space with some additional properties) of symplectic structures. The space of null-
homotopic maps from M to W carries a suitably defined action functional and,
in the spirit of the classical Arnold conjecture, the number of its critical points is
bounded from below by a certain topological invariant ofW . As in the Hamiltonian
Arnold conjecture (or in Morse and Ljusternik–Schnirelman theories), this is the
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sum of Betti numbers in the non-degenerate case and the cup-length plus one for
general Hamiltonians.
Our result generalizes and builds on the results of Hohloch, Noetzel and Salamon,
[HNS], and the previous results of the authors, [GH]. In [HNS], a similar version of
the Arnold conjecture is established in the non-degenerate case for a flat hyperka¨hler
target manifold and the time manifold T3 or SUp2q by means of Floer theory.
In [GH], the degenerate case is treated as well and, furthermore, for M “ Tr,
the proof of the Arnold conjecture results is extended to all flat target manifolds
carrying a Clifford pencil of symplectic structures. Hence, the main new point
of the present paper is a further extension of the argument. We now consider
any closed time manifold equipped with a regular divergence-free frame, replacing
the Lie group structures of SUp2q and Tr with translation-invariant frames. The
regularity requirement is simply the condition that the critical points of the action
functional for the zero Hamiltonian are exactly the constant maps.
Our proof differs crucially from the Floer theoretic argument in [HNS] and tech-
nically from the argument in [GH]. As in [GH], it relies on a finite–dimensional
approximation method combined with Morse or Ljusternik–Schnirelman theory for
generating functions along the lines of [CZ]. However, in contrast with previous
works using a similar technique with Lie groups serving as time manifolds (as,
e.g., in [CZ, GH]), we do not explicitly determine the matrix representations for
the (unperturbed) L2-gradient C of the action functional by means of the Fourier
expansion on S1 or its counterpart for Lie groups provided by the Peter–Weyl the-
orem. Instead, we use the ellipticity of C to decompose the function space into
the sum of finite–dimensional eigenspaces, which turns out to be sufficient for the
finite–dimensional reduction method to apply.
Acknowledgments. The authors are deeply grateful to Dietmar Salamon for call-
ing their attention to the regularity problem. They also would like to thank Jie
Qing, Claude Viterbo, and Siye Wu for useful discussions. A part of this work was
carried out while the first author was visiting the Institute for Advanced Study
during the Symplectic Dynamics program and he would like to thank the Institute
for its warm hospitality and support.
2. Arnold Conjecture for Symplectic Pencils
2.1. Symplectic Pencils. A symplectic pencil on a finite–dimensional, real vector
space V is a linear subspace S Ă
Ź2
V ˚, each element of which, except of course 0,
is a symplectic structure on V . Alternatively, we say that skew-symmetric bilinear
forms ω1, . . . , ωr on V generate a symplectic pencil S when all non-zero linear
combinations
ř
l λlωl, forming Sr0, are symplectic forms. In what follows, we call
dimS the rank of the pencil and assume that tω1, . . . , ωru is a basis of S.
Consider, for instance, the Clifford algebra C lr of a positive-definite quadratic
form on Rr (We refer the reader to [LM] or, e.g., [HP, Chap. 2], for a discussion
of Clifford algebras; note that here, in contrast with [GH], we use the conventions
of [LM].) Let V be a real C lr-module, i.e., an (orthogonal) representation of C lr.
This is simply a collection of r complex structures J1, . . . , Jr on V (corresponding
to an orthonormal basis in Rr), which anti-commute and are all compatible with
the same inner product 〈 , 〉. In other words, the operators Jl are 〈 , 〉-orthogonal,
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J2l “ ´I for all l, and
JlJj ` JjJl “ 0 whenever l ‰ j. (2.1)
Then the forms
ωlpX,Y q :“ 〈JlX,Y 〉
generate a symplectic pencil S of rank r on V . To see this, note that ω “
ř
λlωl
is symplectic if and only if J “
ř
l λlJl is non-degenerate. This is the case when
not all λl “ 0, since J2 “ ´p
ř
l λ
2
l qI due to (2.1). In particular, ω ‰ 0, and hence
tωlu is a basis of S. Thus, the rank of S is indeed r. We will refer to these pencils
(equipped in addition with the basis ωl) as Clifford symplectic pencils.
Among Clifford symplectic pencils are, for example, the symplectic pencils asso-
ciated with hyperka¨hler structures. In this case, r “ 3, and the complex structures
Jl are 〈 , 〉-orthogonal and satisfy the quaternionic relations, i.e., in addition to (2.1),
we also have J1J2 “ J3.
Clearly, when V admits a symplectic pencil S of rank r, it also admits pencils
of rank smaller than r, e.g., subpencils of S. Conversely, in some instances, a given
pencil can be extended to a pencil of higher rank. For example, a Clifford pencil of
rank two extends to a hyperka¨hler pencil by setting J3 “ J1J2. As a consequence,
whenever V carries a Clifford pencil S of rank three, it also carries a hyperka¨hler
pencil, in general different from S, obtained by, e.g., keeping J1 and J2 intact and
replacing J3 with J1J2. Finally note that, as is not hard to see, symplectic pencils of
rank r form an open subset (possibly empty) in the Grassmannian of r-dimensional
linear subspaces in
Ź2
V ˚.
A vector space V admits a symplectic pencil of rank r if and only if the unit
sphere in V admits r point-wise linearly independent vector fields. To see this, let
us view a symplectic pencil S as a pencil of non-degenerate Poisson structures on
the dual space V ˚. Fix a positive definite quadratic form K : V ˚ Ñ R. Let Xl be
the Hamiltonian vector field of K on the sphere Σ “ tK “ 1u Ă V ˚ with respect to
the Poisson structure ωl. Then the non-degeneracy of
ř
l λlωl readily implies that
the vector fields Xl are point-wise linearly independent on Σ. This shows that the
rank of S is no greater than the number of linearly independent vector fields on Σ.
The opposite inequality comes from Clifford pencils, cf. [Hu, Chap. 12]. Finally,
recall how the maximal value r of linearly independent vector fields on the sphere
in V is determined by the dimension of V . Let dimV “ 24d`cb, where d ě 0 and
0 ď c ď 3 are integers and b is odd. Then r “ 8d` 2c ´ 1; see, e.g., [Hu, Chap. 12
and 16] and, in particular, pp. 152–154 therein.
Remark 2.1. One can construct examples of symplectic pencils which are not iso-
morphic, in the obvious sense, to Clifford pencils. Moreover, a dimension count
suggests, although we do not have a complete proof of this fact, that when r ě 3,
the collection of non-Clifford pencils contains a set which is open and dense in the
space of all symplectic pencils. (When r “ 2, the situation appears to be more com-
plicated. It is not inconceivable that Clifford pencils of rank two are structurally
stable, i.e., every pencil close to such a Clifford pencil is also Clifford.) Pencils of
linear symplectic structures also arise in the study of manifolds equipped with fat
fiber bundles introduced in [We1] or of fat distributions; see [Mo, Section 5.6] and
references therein, and also [FZ]. Pencils of complex structures are considered in,
e.g., [MS, Jo].
We will revisit the Clifford condition in Section 3.2.
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2.2. Action Functional. In this section, we will first define the action functional
under the conditions needed for the proof of our main theorem, the Arnold conjec-
ture, and then discuss the role of these conditions in Section 2.2.2.
2.2.1. Definition of the Action Functional. Throughout this subsection, we will
assume that ω1, . . . , ωr is a basis of a Clifford symplectic pencil S on V as above.
Let W be a smooth compact quotient of V by a group of transformations pre-
serving all ω P S and the product 〈 , 〉. (As a consequence, the complex structures Jl
are also preserved.) For instance, W can be the quotient of V by a lattice. (There
are, however, other examples; see, e.g., [HNS, p. 2548].)
Furthermore, let us fix a closed manifold M equipped with a volume form µ
and a frame v “ tv1, . . . , vru of divergence-free vector fields, i.e., r divergence–free
vector fields vi, i “ 1, . . . , r, forming a basis of the tangent space at every point of
M . The manifold M takes the role of time in Hamiltonian dynamics.
By analogy with Hamiltonian dynamics, a Hamiltonian is a time-dependent func-
tion on the target space, i.e., a smooth function
H : M ˆW Ñ R.
The action functional AH is real–valued on the space E of C
8-smooth (or just C2),
null-homotopic maps f : M ÑW . As in [GH], we introduce AH in two steps. First,
let F : r0, 1sˆM ÑW be a homotopy between f and the constant map. This is an
analog of a capping in the definition of the standard Hamiltonian action functional.
The unperturbed action functional is
Apfq “ ´
ÿ
l
ż
r0, 1sˆM
F˚ωl ^ ivlµ.
It is routine to check that Apfq is well-defined, i.e., independent of F . (Here, it
would be sufficient to assume that, e.g., the universal covering ofW is contractible.)
Finally, the total or perturbed action functional is
AHpfq “ Apfq ´
ż
M
Hpfqµ. (2.2)
For instance, when r “ 1 and M “ T1, we obtain the ordinary action functional of
Hamiltonian dynamics. In the case of a hyperka¨hler quotient W and M “ T3 or
SUp2q, this action functional coincides, up to a sign, with the ones defined in [HNS].
The differential of A at f P E is
pdAqf pwq “
ÿ
l
ż
M
ωlpLvlf, wqµ,
where w P TfE is a vector field along f . Thus, the gradient of A with respect to
the natural L2-metric on E is a Dirac type operator
∇L2Apfq “
ÿ
l
JlLvlf “: Cf.
Note that, under our assumptions on vl and ωl, this operator is elliptic and self-
adjoint; see Proposition 4.1. This fact is absolutely crucial for the proof of the main
theorem of the paper (Theorem 2.2). In what follows, when the dependence of C
on the frame v “ tv1, . . . , vru is essential, we will use the notation Cv.
As in [Sa], let us call the operator C (or the frame v when V and the pencil
are fixed) regular when the only solutions f : M Ñ V of the equation Cf “ 0 are
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constant functions. In other words,W is exactly the set of critical points of A. This
requirement, playing an important role in the main result of the paper, is further
discussed in Section 3.1.
Regardless of the regularity condition, we have
∇L2AHpfq “ Cf ´∇Hpfq,
where∇H denotes the gradient ofH alongW . As a consequence, the critical points
of AH are the solutions f P E of the equation
Cf “ ∇Hpfq. (2.3)
At a critical point f of AH , the Hessian d
2
fAH is defined in the standard way as
the second variation of AH . This is a quadratic form on TfE equal to the L
2-pairing
with the linearization of ∇L2AH at f . We call f a non-degenerate critical point
when this operator TfE Ñ TfE is one-to-one, cf. [HNS, p. 2559]. A HamiltonianH is
said to be non-degenerate when all critical points of AH are non-degenerate. In our
setting, non-degeneracy is a generic condition on H , i.e., the set of non-degenerate
Hamiltonians is residual in C8pMˆW q. (The proof in [HNS, p. 2574–2576] carries
over to our setting with straightforward modifications.)
2.2.2. Requirements. Clearly, the action functional AH is defined for any manifold
W equipped with r symplectic (or even closed) 2-forms and a closed manifold M
equipped with a volume form µ and r divergence–free vector fields. (Of course, as
in the case of the classical Hamiltonian action functional, AH can be multivalued
unlessW meets some additional requirements or, in other words, its value on f may
depend on the choice of capping F .) However, in such a general setting, the action
functional is probably of little interest. From our perspective, one meaningful
condition to impose on AH or, equivalently, A is that the operator C should be
elliptic. To analyze what is essential for this requirement to hold, we focus on the
manifolds W and M separately.
Assume first that the vector fields vi form a basis at every point of M . Then
the operator C is elliptic if and only if the forms ωl generate a symplectic pencil
in the space of two-forms Ω2pMq. (However, the forms need not be linearly inde-
pendent.) For instance, a manifold with a flat symplectic pencil, i.e., the quotient
W of a vector space V equipped with a symplectic pencil, meets this requirement.
Note that closed manifolds admitting (Clifford) symplectic pencils in Ω2pW q are
extremely rare, cf. [GHJ, Chap. 21]. When r ě 2, every such “Clifford” manifold
is automatically hyperka¨hler with the third complex structure being J1J2. The
authors are not aware of any non-flat example where r ą 3. Yet even flat examples
would be of interest in the context of the Arnold conjecture. In fact, so far all
available methods for r ě 2 require W to be flat; see [GH, HNS].
Looking at the other side of the story, let us assume that the forms ωl form a
basis of a symplectic pencil. It is easy to see that C cannot be elliptic unless the
vector fields vl generate the tangent space to M at every point of M , cf. the proof
of Proposition 4.1. However, the operator C can still be fairly close to elliptic, e.g.,
hypoelliptic, when the vector fields are bracket–generating.
2.3. Arnold Conjecture. Let now W and M be as in Section 2.2.1. Namely, W
is the quotient of a vector space V equipped with a Clifford pencil of rank r by a
group of transformations preserving the pencil and the inner product 〈 , 〉; and let
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M be a closed r-manifold with a volume form µ and a frame v “ tv1, . . . , vru of
divergence-free vector fields.
Denote by CLpW q the cup-length of W , i.e., the maximal number of elements
in H˚ą0pW ;Fq such that their cup-product is not equal to zero, maximized over all
fields F. Likewise, let SBpW q (the sum of Betti numbers) stand for
ř
j dimFHjpW ;Fq,
maximized again over all F.
In the spirit of the Arnold conjecture, we have
Theorem 2.2. Let M and W be as above, and furthermore assume that Cv is regu-
lar. Then for any Hamiltonian H, the action functional AH has at least CLpW q`1
critical points. If H is non-degenerate, the number of critical points is bounded from
below by SBpW q.
This theorem generalizes several previous results. Namely, when r “ 1 and
M “ S1, this is the original Arnold conjecture as proved in [CZ]. When the target
space W is hyperka¨hler and the domain is either M “ SUp2q or M “ T3, the non-
degenerate case of this theorem was originally proved in [HNS] using a version of
Floer theory. When M “ SUp2q and W is hyperka¨hler or when M is an arbitrary
torus and W is as above, both the degenerate and the non-degenerate case were
established in [GH] by means of a finite–dimensional reduction method originating
from [CZ] and similar, up to some technical details, to the one used here.
Remark 2.3. The proof of the theorem does not, in fact, make use of the requirement
that S is a Clifford pencil (beyond some notational aspects), and thus the theorem
holds for arbitrary symplectic pencils. However, in all cases where C is regular
known to the authors the pencil is Clifford; see Section 3.1.
Remark 2.4. As in [GH], Theorem 2.2 extends to non-compact quotients W of V
without any significant changes in the proof. However, in the non-compact case,
certain restrictions must be imposed on the behavior of the Hamiltonian H at
infinity and the lower bounds on the number of critical points may possibly depend
on H . For instance, let us assume that a finite covering W 1 of W is a Riemannian
product of a flat torus and a Euclidean space V 1, e.g., W is an iterated cotangent
bundle of a flat manifold. Then it suffices to require the lift of H to M ˆW 1 to
coincide, outside a compact set, with a non-degenerate quadratic form on V 1 with
constant coefficients. In this case, the lower bounds on the number of critical points
are again CLpW q ` 1 and, respectively, SBpW q.
3. Regularity and the Clifford Condition
3.1. Examples of Regular Frames. The analogy between the standard Dirac
operator (see [Hi, LM]) and the operator Cv suggests that Cv need not be regular
in general, unless the frame v meets additional requirements. For r “ 3, the
regularity of Bv is studied in [Sa]. In this section, without attempting to analyze
the regularity question in detail or depth, we briefly discuss some further examples
where regularity or lack thereof can be established as a consequence of some other
results.
Example 3.1 (Torus). Let M be the torus Tr equipped with the standard volume
form and let the frame v be formed by vector fields with constant coefficients. (It
suffices to assume that the vector fields commute: rvi, vjs “ 0 for all i and j.) Then
Cv is regular for any Clifford pencil.
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Indeed, clearly, ker C contains the constant functions. To show that all functions
in the kernel are constant, we consider the operator
C2 “ ´∆` 2
ÿ
iăj
JiJjLrvi,vjs “ ´∆,
where ∆ :“
ř
L2vl . This operator, in contrast with C, is scalar – applying C
2 to a
function f amounts to applying it to the components u of f with respect to some
basis in V . Furthermore, C2 “ ´∆ is (second order) elliptic and self-adjoint and the
maximum principle holds for scalar solutions u : M Ñ R of the equation C2u “ 0,
see [Ev, Section 6.4]. Since the domain M of u is a compact manifold without
boundary, u must be constant. To summarize, once C2f “ 0, every component of
f is a constant function, and hence f is constant. Since, clearly, ker C2 Ą ker C
(in fact, the two kernels coincide), we conclude that ker C contains only constant
functions.
Example 3.2 (SUp2q, following [Sa]). Let us identify SUp2q with the unit sphere in
the space of quaternions H and let v be the left-invariant frame such that v1 “ i,
v2 “ j, and v3 “ k at the identity. Set V “ H with J1 “ i, J2 “ j and J3 “ k.
Then Cv is regular; see [Sa] and also [GH, HNS].
On the other hand, if we take v1 “ 2i, v2 “ ´j and v3 “ ´k at the identity,
keeping the rest of the data the same as above, the operator Cv fails to be regular.
Indeed, as is observed in [Sa], the natural inclusion f : SUp2q Ñ H satisfies the
equation Cvf “ 0.
Example 3.3 (Compact Lie Groups). Let G be a compact r-dimensional Lie group
with Lie algebra g. Fix a bi-invariant metric on G and assume that the adjoint
action lifts to a homomorphism G Ñ Spinpgq. Among the Lie groups with this
property are tori, SUpnq, SOp2nq, the quaternionic unitary groups Sppnq, and of
course all simply connected compact groups; see, e.g., [Sl]. Let v be a left-invariant
frame, which is orthonormal with respect to the bi-invariant metric. (For instance,
the frames from Example 3.1 and the first frame considered in Example 3.2 meet
this requirement, but the second frame in Example 3.2 does not.) Then Cv is regular
for any Clifford symplectic pencil.
To see this, first note that under our conditions on v, the operator Cv can be
identified with the standard Dirac operator (see, e.g., [LM] for the definition) with
respect to the connection ∇ on G which is compatible with the bi-invariant metric
and for which the frame v is parallel, i.e., ∇ξvi “ 0 for all i “ 1, . . . , r and all tangent
vectors ξ; see [Sl]. (This is not the Levi–Civita connection: ∇ is not torsion–free
unless G is abelian. In fact, T pξ, ηq “ ´rξ, ηs, [Sl], and clearly ∇ is flat.)
By “additivity”, it suffices to prove the result in the case where V is an irre-
ducible Clifford module. Furthermore, complexifying V and extending Ji’s to V bC
in a complex–linear fashion, we may assume that V is a complex irreducible rep-
resentation of C lr. (When r is even V is unique and when r is odd there are two
such representations; [LM].) In this setting the regularity of the Dirac operator for
∇ is established in [Sl].
Example 3.4 (Generic Regularity). Let us fix V and a Clifford pencil of rank r on
V . Assume that M admits a regular frame v. Then the set of regular frames is
open and dense in the C8-topology in the collection of all divergence-free frames
on M .
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The statement that regular frames form an open set is a consequence of the fact
that surjectivity of a Fredholm operator is an open condition. To show that regular
frames are dense, we argue similarly to the proof of [Sa, Lemma 1.3]. Let w be an
arbitrary frame, which we may assume to be non-regular. Then we claim that the
frame w`ǫv is regular for small ǫ ą 0. Consider the kernel K of the operator Cw on
the space of W 1,2-maps M Ñ V with zero mean. Since v is regular, the quadratic
form 〈f, Cvf〉 is non-degenerate on K. Set Apsq “ Cw`ǫv. The claim follows now
from [Sa, Lemma A.2] asserting, roughly speaking, that an operator in a family of
self-adjoint operators Apsq is bijective whenever the quadratic form
〈
f, 9Ap0qf
〉
is
non-degenerate on kerAp0q and s ą 0 is sufficiently small.
Remark 3.5. It is interesting to point out that the choice of a pencil plays no role
in Examples 3.1–3.4. In fact, we do not have any example of a frame that would
be regular for some pencils and non-regular for some others.
3.2. Clifford Condition Revisited. We conclude this discussion with a refor-
mulation of the Clifford condition, which, we feel, better illuminates it from the
symplectic–geometrical point of view. Namely, we claim that a symplectic pencil S
is Clifford if and only if there exists an inner product 〈 , 〉 on V which is compatible
(up to a factor) with all non-zero forms ω P S. To be more precise, given an inner
product 〈 , 〉 and a two-form ω, denote by Aω the skew-symmetric matrix uniquely
determined by the condition that ωpX,Y q “ 〈AωX,Y 〉 for all X and Y in V . We
say that 〈 , 〉 is compatible with a symplectic pencil S if for every ω P S we have
A2ω “ ´λI for some λ ě 0 depending on ω. In other words, every non-zero form
ω P S becomes compatible with 〈 , 〉 in the standard sense after, if necessary, a
rescaling. Note that when ω ‰ 0 we automatically have λ ą 0 since in this case ω
is non-degenerate.
Proposition 3.6. A symplectic pencil S is Clifford if and only if there exists an
inner product 〈 , 〉 which is compatible with S.
Proof. In one direction the assertion is obvious: a Clifford pencil admits an inner
product compatible with it. Proving the converse, assume that 〈 , 〉 is compatible
with S. For ω and η in S, set pω, ηq :“ ´ trpAωAηq. Clearly, this is a bi-linear
symmetric pairing on S, and due to the compatibility condition, p , q is positive-
definite: pω, ωq “ λ ą 0 when ω ‰ 0. We can rewrite this as
A2ω “ ´}ω}
2I, (3.1)
where } ¨ } stands for the norm on S with respect to p , q. In particular, Aω is a
complex structure if and only if }ω} “ 1,
To prove that S is a Clifford pencil, it suffices to find a basis ω1, . . . , ωr of unit
symplectic forms such that the operators Aωi anti-commute. We claim that this
is true for any orthonormal basis. To establish this, it suffices to show that Aω
and Aη anti-commute whenever ω and η are orthogonal to each other with respect
p , q. Consider two such forms, which we can assume to have unit norm, and set
σ “ aω`bη P S, where a and b are non-zero scalars. Then, by mutual orthogonality
of these forms,
}σ}2 “ a2}ω}2 ` b2}η}2 “ a2 ` b2,
and thus, by (3.1),
A2σ “ ´pa
2 ` b2qI.
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On the other hand, since Aσ “ aAω ` bAη, we have
A2σ “ ´pa
2 ` b2qI ` abpAωAη `AηAωq.
It follows that AωAη `AηAω “ 0, i.e., Aω and Aη anti-commute. 
4. Proof of Theorem 2.2
The argument follows closely the finite–dimensional reduction method of Conley
and Zehnder, [CZ], and its version for multi-dimensional time M “ SUp2q or Tr
introduced in [GH]. However, we do not work with an explicit expression for C
obtained via Fourier analysis on a compact Lie group (which M is not) relying on
the Peter–Weyl theorem. Instead, we expand f in eigenvectors of C using the ellip-
ticity of C to reduce the problem to finite–dimensional Morse theory for generating
functions. Beyond this point, the argument is quite standard, and hence we omit
here some straightforward, minor technical details of the proof.
Let us first assume that W is the quotient of a vector space V by a lattice and,
as a consequence, W is a torus. We will discuss the modifications needed to deal
with the general case at the end of the proof. (This step is essentially identical to
its counterpart in [GH].)
Since f is null-homotopic, it can be lifted to a map f˜ : M Ñ V , where only the
mean value f0 depends on the lift. In other words, here we view E as an infinite–
dimensional vector bundle overW with projection map f ÞÑ f0. This vector bundle
is trivial and its fiber F is canonically isomorphic to the space of smooth maps
M Ñ V with zero mean. We can regard E as a sub-bundle in W ˆ L20pM,V q.
Proposition 4.1. The operator C is elliptic on the space of V -valued functions on
M and self-adjoint with respect to the L2-inner product on this space.
Proof. The operator C is elliptic if and only if the symbol σpCq “
ř
λlJl is invertible
for all non-zero (co)vectors λ “ pλ1, . . . , λrq. Essentially by definition, this is true
for any metric 〈 , 〉, since the forms ωl generate a symplectic pencil. (In the Clifford
case, we have σpCq2 “ ´p
ř
λ2l qI, which also establishes ellipticity.) That C is
self-adjoint can be easily shown using Stokes’ theorem and the fact that the time-
manifold M is closed. 
The next step in the proof of the theorem is decomposing E into the eigenspaces
of C. The fact that the eigenvalues go to infinity or negative infinity is then sufficient
for the finite–dimensional reduction to go through. Note that we can view C either as
a linear operator on F or as a fiberwise linear operator on E “W ˆF , independent
of the point of the base. By the regularity assumption, the latter operator is
fiberwise non-degenerate, which will be crucial for the proof of the theorem. (This
is not just a consequence of ellipticity.)
Recall that the spectrum of a self-adjoint elliptic operator is real and countable
and the eigenvalues tend to infinity and/or negative infinity; see, e.g., [LM, Chapter
III]. Furthermore, the eigenspaces are finite–dimensional, mutually orthogonal, and
the eigenvectors form a complete orthogonal system.
Denote by FN the subspace in F spanned by all eigenvectors of C for eigenvalues
with absolute value not exceeding N and let FKN be the L
2-orthogonal complement
of FN in F . Thus, F
K
N is spanned by all eigenvectors whose eigenvalues have
absolute value greater than N . We can view EN :“ W ˆ FN as a subbundle in
E . It will also be useful to regard E as a vector bundle over EN with fiber F
K
N .
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Denote by PN the (fiberwise) L
2-orthogonal projection of E onto EN and by P
K
N
the projection of E “ EN ˆ FKN onto the second component F
K
N .
Our goal is to show that equation (2.3) has at least the desired number of solu-
tions. Let f “ g ` h with g P EN and h P FKN . Clearly, f satisfies (2.3) if and only
if
Cg “ PN∇Hpg ` hq (4.1)
and
Ch “ PKN∇Hpg ` hq. (4.2)
Let us focus on the second of these equations with g fixed and both sides viewed
as functions of h, cf. [CZ] and [GH]. Since C is regular and by the definition of FKN ,
the restriction of the operator C to FKN is invertible and has only eigenvalues whose
absolute value is greater than N . Denote the inverse of this restriction by C´1N . It
is clear that (4.2) is equivalent to the equation
h “ C´1N P
K
N∇Hpg ` hq. (4.3)
Note that the right hand side is now defined for all h in the L2-closure F¯KN of F
K
N ,
without any smoothness requirement. We claim that for sufficiently large N and
for any g P EN , equation (4.3) (and hence (4.2)) has a unique solution h “ hpgq
and this solution is smooth.
To show this, note first that, when N is sufficiently large, h ÞÑ C´1N P
K
N∇Hpg`hq
is a contraction operator on F¯KN with respect to the L
2-norm. Indeed,
}C´1N P
K
N∇Hpg` h1q ´ C
´1
N P
K
N∇Hpg ` h0q} ď Op1{Nq}∇Hpg` h1q ´∇Hpg ` h0q}.
(All norms are L2 unless specified otherwise.) Furthermore, in obvious notation,
}∇Hpg ` h1q ´∇Hpg ` h0q} “
›››
ż 1
0
d
ds
∇Hpg ` sh1 ` p1 ´ sqh0q ds
›››
ď }∇2H}L8}h1 ´ h0}.
Hence,
}C´1N P
K
N∇Hpg ` h1q ´ C
´1
N P
K
N∇Hpg ` h0q} ď Op1{Nq}h1 ´ h0},
which shows that we can indeed choose N sufficiently large such that the map
h ÞÑ C´1N P
K
N∇Hpg ` hq is a contraction.
The fact that the fixed point h “ hpgq of this operator is a smooth function is es-
tablished by the standard bootstrapping argument and elliptic regularity. Namely,
recall that, since C is a first order elliptic operator (see Proposition 4.1), a solution
h of the equation Ch “ y is of Sobolev class Hs`1 whenever h and y are Hs; see,
e.g., [LM, p. 193]. We have Ch “ PKN∇Hpg ` hq P L
2 “ H0, and therefore h P H1.
Now, since H and g are smooth, we also have PKN∇Hpg ` hq P H
1, and hence
h P H2, etc.
Note also that as an immediate consequence of (4.3) and of the fact that ∇H is
bounded, since H is a function on a compact manifold, we have
}hpgq} “ Op1{Nq and }Chpgq} “ Op1q uniformly in g. (4.4)
These estimates will be used in the proof of Lemma 4.2 below.
From a more geometric perspective, hpgq is the unique critical point of the action
functional AH on the fiber over g of the vector bundle E Ñ EN . Set Φpgq :“
AHpg ` hpgqq. In other words, Φ is obtained from AH by restricting the action
functional to the section g ÞÑ hpgq of this vector bundle, formed by the fiber-wise
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critical points. Therefore, g is a critical point of Φ if and only if f “ g ` hpgq is
a critical point of AH , i.e., a solution of (2.3), and every critical point of AH is
captured in this way. It remains to show that the generating function Φ on EN has
the required number of critical points.
The key feature of this function is that it is asymptotically (i.e., at infinity in
the fibers of EN) a non-degenerate quadratic form. To be more precise, set
Φ0pgq “ Apgq “ 〈Cg, g〉L2 and R “ Φ´ Φ0.
By definition, ∇Φ0pgq “ Cg. Hence, as has been pointed out above, the unperturbed
action Φ0 is a fiberwise non-degenerate quadratic form since C is regular. (Here and
throughout the rest of the proof, the metric on EN “ W ˆ FN is the product of
the fiberwise L2-metric and the metric on W .) Furthermore, the perturbation R is
small compared to Φ0 when N is sufficiently large. To be more precise, we have
Lemma 4.2. Outside a compact set in EN , we have
|R| ` }∇R} ă }∇Φ0}. (4.5)
Remark 4.3. Lemma 4.2, combined with the non-degeneracy of Φ0, implies that the
critical set of Φ is a compact subset of EN . As a consequence, the set of solutions
of (2.3) (the critical points of AH) is also compact. Proving this fact directly, in
the context of the hyperka¨hler Floer theory, is a rather subtle problem; cf. [HNS].
This is the reason we have chosen to provide a detailed proof of (4.5) below.
Proof of Lemma 4.2. To establish (4.5), note first that H and ∇H are bounded,
for H is a function on a compact manifold. Therefore, the integral of H makes
a bounded contribution to R and ∇R, while the right hand side of (4.5) grows
linearly as g Ñ 8 in the fiber due to the non-degeneracy of Φ0. Thus, we can
ignore H in (4.5) and only need to estimate the growth of the difference
R0 :“ Apg ` hpgqq ´Apgq “ 2 〈Cg, hpgq〉` 〈Chpgq, hpgq〉 , (4.6)
or, to be more precise, of |R0| together with }∇R0}. (It is worth pointing out that
this is not equivalent to proving the lemma in the case whereH “ 0. Even when the
contributions of H and ∇H to R and ∇R are ignored, H still enters the problem
via the map h which depends on H .)
To estimate the growth of |R0| and }∇R0}, first observe that
|R0pgq| ď Op1{Nq
`
}∇Φ0pgq} ` 1
˘
. (4.7)
(Recall our convention from above that all norms, here and below, are L2 unless
specified otherwise.) This is an immediate consequence of (4.4).
In a similar vein, it is not hard to prove that
}∇R0pgq} ď Op1q `Op1{Nq}∇Φ0pgq} (4.8)
by observing that the derivative of the function g ÞÑ hpgq is uniformly bounded by
a constant Op1{Nq, as can be shown by differentiating (4.3) with respect to g. (See
the calculation below.) Combining the upper bounds (4.7) and (4.8) with the fact
that }∇Φ0pgq} grows linearly with g since Φ0 is non-degenerate, we see that (4.5)
holds outside a compact set.
We conclude the argument by giving a detailed proof of (4.8). Differentiating
(4.6), we have
dR0pgqpwq “ 2 〈Cw, hpgq〉` 2 〈Cg,Dhpgqw〉
` 〈CpDhpgqwq, hpgq〉` 〈Chpgq, Dhpgqw〉 ,
(4.9)
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where w P TgEN . To prove (4.8), we will bound every term on the right hand side
of (4.9).
The first term: Using (4.4) and the fact that C is self-adjoint, we have
| 〈Cw, hpgq〉 | “ | 〈w, Chpgq〉 | ď Op1q}w}. (4.10)
To deal with the remaining terms, we need to obtain an upper bound on the norm
of the operator Dhpgq : TgEN Ñ ThpgqE . By (4.3), we have, in obvious notation,
Dhpgqw “
d
ds
C´1N P
K
N∇H
`
g ` sw ` hpg ` swq
˘ˇˇˇ
s“0
“ C´1N P
K
N∇
2H
`
g ` hpgq
˘
w ` C´1N P
K
N∇
2H
`
g ` hpgq
˘
Dhpgqw.
Hence, “
I ´ C´1N P
K
N∇
2H
`
g ` hpgq
˘‰
Dhpgqw “ C´1N P
K
N∇
2H
`
g ` hpgq
˘
w,
and thus
Dhpgqw “
“
I ´ C´1N P
K
N∇
2H
`
g ` hpgq
˘‰´1
C´1N P
K
N∇
2H
`
g ` hpgq
˘
w.
Note that as in (4.4), since H is bounded together with all its derivatives, we have››C´1N PKN∇2H`g ` hpgq˘
›› “ Op1{Nq
uniformly in g. Therefore,
}Dhpgqw} “ Op1{Nq}w}. (4.11)
Now we are in a position to bound the remaining terms.
The second term: Recall that ∇Φ0pgq “ Cg. Using (4.11), we have
| 〈Cg,Dhpgqw〉 | ď Op1{Nq}∇Φ0pgq} ¨ }w}. (4.12)
The third and the fourth terms: These two terms are equal; for C is self-adjoint.
Thus, by (4.4) and (4.11), we have
| 〈CpDhpgqw, hpgq〉 | “ | 〈Chpgq, Dhpgqw〉 | ď Op1{Nq}w}. (4.13)
Combining the estimates (4.10), (4.12) and (4.13) for the individual terms with
(4.9), we obtain the desired estimate (4.8). This concludes the proof of the lemma.

An argument similar to the proof of Lemma 4.2 shows that a critical point g of
Φ is non-degenerate if and only if f “ g ` hpgq is a non-degenerate critical point
of AH .
Finally, recall that whenever Φ “ Φ0 ` R is a function on the total space of a
vector bundle over an arbitrary closed manifold W such that Φ0 is a fiberwise non-
degenerate quadratic form and (4.5) holds, the function Φ has at least CLpW q ` 1
critical points. Moreover, when Φ is Morse, the number of critical points is bounded
from below by SBpW q. This is a standard fact and we refer the reader to [CZ] for
the original proof and to, e.g., [We2] for a different argument.
The general case, whereW is the quotient of V by a group Γ, is treated exactly as
in [GH]. Namely, first recall that Γ contains a finite–index subgroup Γ1 consisting
only of parallel transports, [Wo, p. 110]. Thus W 1 “ V {Γ1 is a torus and the
projection W 1 ÑW is a covering map with a finite group of deck transformations,
Π “ Γ{Γ1. The previous argument applies to the natural lift of the problem to W 1
and the entire construction is Π-equivariant. As a result, we obtain a vector bundle
E 1N Ñ W
1 equipped with a Π-action covering the Π-action on W 1 and a Π-invariant
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function Φ1 on E 1N , which is asymptotically quadratic at infinity, i.e., Φ
1 satisfies
(4.5). The critical points of AH for the original problem correspond to the Π-orbits
of the critical points of Φ1. The quotient EN “ E 1N{Π is a vector vector bundle
over W and the function Φ1 descends to a function Φ on EN . (The quotient EN
and the function Φ are smooth, for the Π-action on E 1N is free as an action covering
a free action on W 1.) The critical points of Φ are in one-to-one correspondence
with the critical points of AH for the original problem and Φ is also asymptotically
quadratic at infinity. The theorem now follows as before from the lower bounds on
the number of critical points of Φ.
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